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POLYNOMIAL BEHAVIOR OF THE HONDA FORMAL GROUP LAW 


MALKHAZ BAKURADZE 


Abstract. This note provides the calculation of the formal group law F{x,y) in modulo p 
Morava X-theory at prime p and s > 1 as an element in A’(s)*[ic][[i/]] and some applications to 
relevant examples. 


1. Introduction 

Let ir(s)*(—), be the 5-th Morava _A-theory at prime p [3]. The coefficient ring K{s)*{pt) is 
the Laurent polynomial ring in one variable Fp[T;s, where ¥p is the field of p elements and 
deg{vs) = -2{p^ - 1). 

Let F{x, y) be the formal group law in K{s)*{—) theory [5]. The purpose of this note is to prove 
that if s > 1, the formal group law F{x, y) is a polynomial modulo y^ ' (or equivalently modulo 
x ^ ) for any i > 1, see Theorem 12.11 This fact was never mentioned before in the literature 
even though the proof is quite simple. We also want to have a method for explicit calculation. 
The idea is to apply the Ravenel formula [8] involving Witt’s symmetric polynomials. The proof 
does not work for s = 1. The particular case (EH) of Theorem [Q was applied in several papers 
by the author, also [inmnin], and [6]. Some other motivation is given in Section 3. 

2. The statement 

Recall the recursive formula from Ravenel’s green book, (see [8], 4.3.8) for the formal group 
law. In K{s)*{—) theory it reads (we set = 1 and q = ) 

(2.1) F{x,y) = F{x + y,wi{x,yy,W 2 {x,yF,W 3 {x,yy\---) 

where F{x, y, z, ■ ■ ■) = x (Bf y ©f z (Bf • • • is the iterated x (Bf y = F{x, y) and Wj are mod (p) 
Witt’s integral symmetric homogeneous polynomials of degree p^ : 

xP -\-y^ ='^p^Wj(x,yY \ 

3 

In particular 


Wo =x + y, 

ici = — p~^(F\x^y^~F 

0<j<p J 


We will need that deg{wj) = p> and that Wj{x, 0) = Wj(0, y) = 0, for j > 0. 
Clearly we have 

(2.2) F(a;, j/) = a: + y modulo 
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One has for s > 1 (see m) 

(2.3) F{x,y) = X + y + Wi{x,yy modulo y'^ . 

We now want to prove that for s > 1, F{x, y) is again a polynomial modulo for any n. The 
idea is to apply dm). 

Theorem 2.1. One has F{x,y) G itr(s)*[a:][[y]] for the formal group law F(x,y) in mod p Morava 
K(s)*(—) theory at p and s > 1. 

A method for calculation of F(x, y) modulo y'^ is given by the Ravenel formula (12.11) and 
induction on n. 

k 

Proof. By induction hypothesis, we have that F{x, y) modulo y'^ , k < n is a, polynomial, say 
Pk{x,y). By (12.2|) and (12.31) we have 

Pi{x,y) =x + y, P 2 {x,y) =x + y + wi{x,y)'^. 

Induction step: Let us work modulo yP . Then (12.11) implies 

2 n 

F{x,y) = F{x + y,wi{x,y)‘^,W 2 {x,yf ,••• ,Wn{x,yf ). 

By induction hypothesis we have 


F{x,y)=Zi+wf , where 
zi =P2 (z2,w®_i ), 

n —2 

Z2 =P3{z3,wI_2 ), 

2 

^n—2 —Pn—l(^n—l:'^2 )’ 

Zn-1 =Pn(x + y,wf). 


Zi = F(x + y,wf,--- ,w^_i ); 

Z 2 = F(x + y,wf, - ■ ■ ,w ^-2 ); 
Z3 = F(x + y,w^,--- ,wl_3 ); 

Zn-i = F{x + y,wj)-, 


Accordingly F{x,y) is again a polynomial modulo ^ for any natural n. Therefore one can 
collect the coefficients at yl, j < < 7 ”+^ for any n and write 

Fix,y) =^Ai{x)y‘ e A:(s)*[x][[y]]. 

□ 

The proof above gives more, namely one can evaluate the degree of the polynomial Ai{x) . 

Proposition 2.2. In F{x,y) = '^aijX^yl we have = 0 for i > {pq)^ whenever j < y”. 

Proof. Base case is obvious. Induction step: By Theorem 12.II we have modulo yF^^ 

F{x,y) = Pnix+ y,z)+ Wnix,y)P, z = F{wi{x,yY ,■ ■ ■ ,Wn-i{x,yY" ^). 

The term wf is of degree ipq)'^ hence is irrelevant. 

Let fSijix + yYzl be any term of the polynomial Pnix + y, z). By induction hypothesis we have 

i < (m)" whenever j < q^. 

Then z^ is a polynomial in • • • , w‘f_i . Therefore it has the terms 
{wlY^ ■ ■ ■ with ji < y", • • • j„_i < y^ 

as we work modulo y'^ ^ . 
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Therefore as a polynomial in x and y, has the terms of total degree 

pqjl + {pq?32 + ■ • ■ + {pqT~^3n-l < + p "( z’"+i + ■ • ■+p'^-^q^+\ 

Thus for any term of Pn{x + y, z) 

the total degree < (pg)” + ^ p* < ^ p* < (pg)"''"^. 

l</<n—1 l<Z<n 


This completes the proof. 


□ 


3. Some simple applications 

The particular case n = 2 of Theorem 12.II was already applied in several papers. 

Consider an extension of Cpk by an elementary abelian p-group. That is G fits into an extension 

1 ^ (Cp)' ^G^Cpk ^1. 

It is known [Ml [7] that G is good, i.e., K{s)*{BG) is generated by Chern classes. However the 
explicit account of the ring structure was never done for fc > 1. 

The examples for the case k = 1 was considered in 12 ], m- Namely let ^ be a complex m-plane 
bundle over the total space of a cyclic covering tt : X —>■ XjCp of prime index p. Let c be the 
Chern class of X XCj, C —>■ X/Cp, the complex line bundle associated to covering tt . In [1] we 
showed that modulo image of the transfer homomorphism the Tth Chern class Ci of the transferred 
bundle ^ can be written as a polynomial Ai in Chern classes Cp, C 2 p, • • • c^p and Using the 

polynomials Ai in in, 0 , we showed for various examples of finite groups that K{s)*{BG) is the 
quotient of a polynomial ring by an ideal for which we listed explicit generators. 

We recall that Morava iL-theory for a cyclic group is the truncated polynomials 0. In particular 

K{snBCpk) =¥p[vs,v-^][u]/uP"\ 

Also 

K{s)*{BU (m)) = ¥p[vs, , Cm]] 

and because of the Kiinneth isomorphisms 

K{s)*{BU{m) X BGpk) = K{s)*{BU{m)) ® K{sY{BGpk). 

Theorem 1 2.1 1 enables to write explicitly the relations derived by formal group law and splitting 
principle as relations in Chern classes of complex representations. 

In particular, let 0 be the line complex bundle over HG, associated to covering tt : BH —>■ BG, 
H = (Gp)*, 77 is the pullback by projection on the first factor H ^ Cp oi the canonical bundle 
over BCp and irijj is the transferred rj. Then we have the bundle relation over BG 

(3.1) mry ® 0 = mry. 

The relation holds because of Frobenius reciprocity of the transfer homomorphism of 

covering tt in complex AT-theory: 

Tr\ri ® 0 = 'K\{ri ® 'k*{ 0)) = TT\(r] ® 1) = TTiy. 

This implies the relations 

Ci{n\r] ®0)= Ci{n\ri) 

in K{s)*{BG). If we want to write everything in the explicit form, we have to apply the splitting 
principle to (13.11) and write formally ttit; as the sum of line bundles 71177 = 771 + ■•• + ■ Thus we 

have 

771 + ■ • ■ + 77pfc = r]i ® 0 + ■ ■ ■ + r]pk ® 0. 

Using the elementary symmetric polynomials di, f = I, • • • , 75 ^ we can write 

^(71177) = tTi(ci( 77 l), • • • ,Cl( 77 pfc)). 

In fact we have the following equations 

(3.2) cri(ci(77i),--- ,ci(77pfe)) =(t,(U(ci(77i),Ci(6»)),-- - , F{ci{'npk),ci{0))). 
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To rewrite (13.2|) explicitly, we apply Theorem 12.11 for each term F(ci{rij)^ Ci{0)) and write it 

k ks k 

as a polynomial in Ci{r]j) and u = Ci{d) as 9^ =1 implies = 0. This is because Ci{9^ ) = 
[p^\{ci{9)) and [p\{x) = for the Honda formal group law. 

Finally we turn to the Chern classes. In this way one can try to compute K{s)*{BG) as a 
quotient of a polynomial ring (as G is finite) by relations ideal. For this we have to establish two 
facts: the classes we define generate, and the list of relations is complete. To check the latter is 
easier if the relations are given as explicit polynomials. 
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